Abstract. The Wong-Rosay theorem characterizes the strongly pseudoconvex domains of C n by their automorphism groups. It has a lot of generalizations to other kinds of domains (for example, the weakly pseudoconvex domains). However, most of them are for domains of C n . In this note, we generalize the Wong-Rosay theorem to the simply-connected complete Kähler manifold with a negative sectional curvature. One aim of this note is to exhibit a Wong-Rosay type theorem of manifolds with holomorphic non-invariant metrics.
Introduction
Let X be a Hadamard manifold, i.e. a simply-connected complete Riemannian manifold (M, g) with non-positive sectional curvature everywhere. It is well-known that one can define a boundary ∂X artificially to make X ∪ ∂X compact, which has been done by [6] . We will try to explain the procedure with one of the equivalent methods (curious readers are referred to [1] ).
Two unit speed geodesics γ i : R → X are called asymptotic, if there is a constant c ∈ R, such that d(γ 1 (t), γ 2 (t)) ≤ c for all t ≥ 0. It is not hard to see 'asymptotic' determines an equivalence relation. We define the asymptotic boundary ∂X to be the set of equivalence classes of this relation. The elements of ∂X are also called points at infinity.
Let X := X ∪∂X which makes X a compact topological manifold-with-boundary, in which the topology is defined as follows. Let z be a point at infinity and C x (z, ǫ) := {y ∈ X | y = x, ∠ x (z, y) < ǫ}. Here, ∠ x (z, y) is defined to be the angle formed by γ ′ 1 (0) and γ ′ 2 (0), where γ 1 and γ 2 are geodesics (with unit speed) joining x with z and y respectively. Then {C x (z, ǫ)} x,ǫ forms a base of neighborhoods around z in X. Also, {C x (z, ǫ) ∩ ∂X} x,ǫ forms an open neighborhood of z in ∂X. One should note that, in Hadamard manifolds, the two geodesics tend to diverge faster or at least at the same speed as in the Euclidean situation by comparison theorem. On the other hand, it is also clear that for any point z ∈ ∂X at infinity and x ∈ X, there is a unique unit speed geodesic γ : R → X with γ(0) = x and lim t→∞ γ(t) falls in the class [z] . We refer the reader to [1] and [4] . Let M be a m-dimensional simply-connected complete Kähler manifold with a negative sectional curvature. Then M has to be a Hadamard manifold. Thus, M has an asymptotic boundary and we denote it ∂M . Furthermore, we assume M has a constant negative holomorphic sectional curvature in a neighborhood U of a point p ∈ ∂M at infinity in M .
We also denote B m the m-dimensional unit ball in C m .
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Theorem 0.1. Let M be a simply-connected complete Kähler manifold with a negative sectional curvature. Suppose, also, M has a constant negative holomorphic sectional curvature in a neighborhood U of a point p ∈ ∂M at infinity in M . If we assume there is a family of biholomorphic maps φ j so that for any q ∈ M , φ j (q) → p, as j → ∞, then M admits a biholomorphic imbedding into the unit ball B m .
Remark 1. Without loss of the generality, we can always assume M has a constant holomorphic sectional curvature −1 in a neighborhood U of a point p ∈ ∂M at infinity.
Theorem 0.1 proves a generalization of the Wong-Rosay theorem in several complex variables (see Corollary 2.1). The Wong-Rosay theorem states, in C n , if Ω ⊂ C n admits a boundary point p ∈ ∂Ω as a strongly pseudoconvex point and an interior point q such that φ j (q) → p as j → ∞ where φ j ∈ Aut(Ω) are a sequence of holomorpihic automorphisms, then Ω is biholomorphic to unit ball B n . The Wong-Rosay theorem has a lot of generalizations in C n by many mathematicians to a weakly pseudoconvex point p ∈ ∂Ω. The limit point p of {φ j (q)} is called an orbit accumulation point. One should notice that, the generalizations of the Wong-Rosay theorem usually are very difficult compared with the original one. Until now, only several partial results are known. This is because the rigidity of biholomorphic maps. Moreover, the reader should be reminded that the biholomorphic maps are quite different from the diffeomorphisms. For example, it is well-known that any non-empty open star domain (or specifically a non-empty open convex subset) of R n is diffeomorphic to a unit ball. However, it is clear that there exist a lot of star domains in C n which are not biholomorphic to a ball. The following well-known example explains that star-domains Ω do not need to be biholomorphic to a ball.
Example 0.1. Let Ω = {(z, w) : |z| 4 + |w| 4 < 1} ⊂ C 2 , and then there does not exist an interior point q ∈ Ω, a family of biholomorphism φ j and a boundary point p ∈ ∂Ω such that φ j (q) → p as j → ∞. That is Aut(Ω) is compact. Since Aut(B m ) is noncompact where B m denotes the unit ball in C m , we can see Ω is not biholomorphic to B m .
For the proof of compactness of Aut(Ω), please see [8] . Many mathematicians also studied the automorphism group Aut(Ω) to approach the classification from the point of view of Lie groups based on the famous theorem of Cartan: Aut(Ω) is finite dimensional (real) Lie group if Ω is bounded (The curious reader is referred to [13] ).
The Wong-Rosay theorem and its generalizations have been studied by many experts including, but not limited to: Bedford, Berteloot, Cheung, Fu, Gaussier, Greene, Isaev, Kaup, Kim, Klembeck, Kodama, Krantz, Landucci, Pinchuk, Seshadri, Verma and Wong. The study of the Wong-Rosay theorem for Kähler manifolds dates back to the 1970s (see, e.g., [15] and [14] for Bergman metric). However, most of the Kähler metrics they used are of invariance under biholomorphic maps. That means, the Kähler metric that the manifold is endowed with is not arbitrary. Recently, Seshadri and Verma studied the property of a Kähler manifold equipped with an arbitrary (including non-invariant) metric in [18] . The reader is also referred, for general discussion, to [21] , [10] , [11] , [12] , [9] , [7] , [5] , [3] , [16] , [20] .
The current short note provides more evidence that the automorphism groups can be extended to an arbitrary Kähler metric. Understanding it is also good for understanding the difference between the general Kähler metric and the Bergman metric.
the proof of Theorem 0.1
The proof can be divided into several steps. We write each step as one lemma as follows. Lemma 1.1. Let M be a simply-connected complete Kähler manifold with a negative sectional curvature. Suppose, also, M has a constant negative holomorphic sectional curvature in a neighborhood U of a point p ∈ ∂M at infinity in M . Then there exists C x (p, ǫ) ⊂ U for some x ∈ U and ǫ > 0 such that C x (p, ǫ) is biholomorphic to a subset V of B m via f . Moreover, f extends to the neighborhood
Proof. This proof is very similar to the one in [18] . For completeness, we include the proof here. We define a smooth map ψ in order to extend the holomorphic map to the boundary. Let ψ be a diffeomorphism from
where z ∈ C m . We also define the modified exponential map exp p :
One can easily see this modified exponential map actually extends homeomorphically to a map from B m onto M . We will still use exp p to denote this extension.
We now take a neighborhood C x (p, ǫ) ⊂ U of p for some x ∈ U and ǫ > 0. Let L be a complex linear isometry L : T x M → T 0 B m (see [18] ). Hence, we 
It means even if exp x is not holomorphic due to the term brought by ψ, the composition f is holomorphic. Since C x (p, ǫ) is the subset of a Kähler manifold with a constant holomorphic sectional curvature, we obtain f is a holomorphic (local) isometry. For the following, we need to check in the neighborhood of p of ∂M , its CR structure is spherical.
On the boundary, we defined the charts as f (C x (p, ǫ) ∩ ∂M ). We first check if the transition functions are compatible each other. Suppose there is another p, ǫ) ) and g(∂C y (p, ξ)) are parts of a sphere which is strongly pseudoconvex. Now by the theorem of [2] , f • g −1 extends to the boundary smoothly. Also, it is clear that the coordinate chart (C x (p, ǫ) ∩ ∂M, f ) defines a CR-structure on ∂M locally around p. Then C x (p, ǫ) ∩ ∂M is locally spherical and this finishes the proof. Lemma 1.2. Let M be a simply-connected complete Kähler manifold with a negative sectional curvature. Suppose, also, M has a constant negative holomorphic sectional curvature in a neighborhood U of a point p ∈ ∂M at infinity in M . Assume there is a family of biholomorphic maps φ j and q ∈ M such that φ j (q) → p as j → ∞. Then {φ j } ∞ j=1 converges uniformly on arbitrary compact subsets.
To prove Lemma 1.2, we need to define a new topology around p instead of the usual topology z − p , which is not well-defined. One observes that S 1 (z) = log z − p U0 is a local plurisubharmonic function defined in U 0 := C x (p, ǫ)\∂M as in Lemma 1.1 with value −∞ at p, where · U0 is the metric induced by the Euclidean metric of B m (consider B m as a Euclidean ball now). We now construct a global function defined on M . Choose two neighborhoods V ⊂ U of p inside U 0 and a constant d > 0 such that sup{S 1 (z) : z ∈ U 0 ∩U} = −d and V = {z ∈ U 0 ∩U :
We define the base of open subsets around p as the {z ∈ Ω : S(z) < −α} for arbitrary α > 0. Moreover, we need another topology induced by a local peak function in U 0 .
We construct a global peak function as follows. Since U 0 is a ball and ∂U 0 is CR diffeomorphism with a sphere, around p there is a local peak function. Namely, a plurisubharmonic function H 1 defined in U 0 such that |H 1 (p)| = 0 and |H 1 (z)| < 0 for arbitrary z ∈ U 0 \{p}. We extend the local peak function H 1 to a global peak function defined on M as follows. Choose a neighborhood V 1 ⊂ V 2 of p and a constant c > 0 such that sup{H 1 (z) :
Hence we can define the topology with the other method. Namely, by {z ∈ M : H(z) > −β} for arbitrary β > 0.
Proof. We will use the two topologies above to locate the images of holomorphic maps φ j . Now, let us show that if φ j (q) → p as j → ∞, then for arbitrary z ∈ M , φ j (z) → p as j → ∞. Indeed, if φ j (z 0 ) → p, we let γ(t) be a curved connected q and z 0 such that γ(0) = q and γ(1) = z 0 . We use a family of polydiscs {D ) and o 1 = q, z 0 ∈ D m τ . As in [8] and [19] , pick up j such that H(φ j (q)) > −a for some positive a. We consider
where the second inequality is because the sub-mean value inequality (H • φ j is plurisubharmonic so it is subharmonic). Let E a = {θ ∈ [0, 2π] m : H • φ j (q + re iθ ) > −2a} and a β > 0 depending on a such that {z ∈ M : H(z) > −2 m a} ⊂ {z ∈ M :
S(z) < −β} and β → ∞ as a → 0. Hence, we have
which implies µ(E a ) < π m where µ is a Borel measure. However, when we apply the estimate µ(E a ) to the Poisson integral of S • φ j , we have
, where K is the upper bound of the Poisson kernel for
, φ j (o 2 ) → p and we can prove by induction that φ j (z 0 ) → p.
We will now prove that on each compact subset
has subsequence that converges uniformly. Suppose this is not true for a compact K. Then there exist z j ∈ K such that φ j (z j ) → p as j → ∞. Since K is compact, z j has limit point q ′ . Now we consider the polydisc D m (q ′ , r) which covers most of z j . By the discussion above, we know φ j (q ′ ) → p as j → ∞. For any small a > 0 choose N > 0 so that H • φ j (q ′ ) > −a for all of j > N . By the argument above, one can
where the β is determined by α. It turns out that
In other words, φ j (z j ) → p which contradicts with our assumption. Lemma 1.3. Let M be a simply-connected complete Kähler manifold with a negative sectional curvature. Suppose, also, M has a constant negative holomorphic sectional curvature in a neighborhood U of a point p ∈ ∂M at infinity in M . Assume there is a family of biholomorphic maps φ j uniformly converges to p on compact subsets of M . Then M is a monotone union of subsets of B m , i.e. M = ∪ ∞ j=1 B j , where B j is biholomorphic to some subset C j of B m for each j with ∂C j ∩ S m = ∅.
Proof. By Lemma 1.2, φ j uniformly converges to p on compact subsets of M . Given exhaustive compact subsets Proof. Write M = ∞ j=1 B j , with B j biholomorphically equivalent to a subset C j of the unit ball via f j and B j ⊂ B j+1 , where C j contains a piece of sphere. Fix z 0 ∈ B 1 , and without loss of the generality, we assume f j : B j → B m be a holomorphic embedding map with the non vanishing limit of det(Jf j )(the determinant of the Jacobian of f j ). This is possible because we can always compose f j with a Möbius transfrom h j so that the limit of det(J(h j • f j ))(z 0 ) is nonzero and by Hurwitz theorem, it is nonzero everywhere (However the image of f j might be various open subsets of B m now). Since the unit ball B m is taut, passing to a subsequence if necessary, then {f j } ∞ j=1 converges uniformaly on compact sets of M to a holomorphic map φ : M → B m . Since the limit of det(Jf j ) is nonzero, we obtain a domain φ(M ) ⊂ B m which is m-dimensional. It remains to prove the injectivity of φ. Let z, w ∈ M such that φ(z) = φ(w), then for arbitrary ǫ > 0, there is N > 0 so that for any j > N > 0, d B m (f j (z), f j (w)) < ǫ (B m and later on, the B m are considered as balls with a complete constant negative curved Kähler metrics). And we choose one small ball B m ⊂ φ(M ) independent of j contains f j (z) and f j (w). With a generalized Schwarz lemma of Yau [22] for f
where K 1 is the lower bound of Ricci curvature of B m , K 2 is the upper bound of holomorphic bisectional curvature of a compact submanifold including z and w and ǫ ′ is the upper bound of d B m (f j (z), f j (w)). K 2 < 0 exists because, for each pair z, w, there exists a compact submanifold of M such that the sectional curvature are bounded above by a negative constant. Thus φ(z) = φ(w) will imply d M (z, w) = 0 which gives the proof of the injectivity.
corollaries
We now prove the following corollary which can be seen as a Wong-Rosay type theorem in Kähler manifolds.
Corollary 2.1. Let M be a simply-connected complete Kähler manifold with a negative sectional curvature. Suppose, also, M has a constant negative holomorphic sectional curvature in a neighborhood U of a point p ∈ ∂M at infinity in M . If there is a family of biholomorphic maps φ j so that for any q ∈ M , φ j (q) → p, as j → ∞, then M is biholomorphic to the unit ball B m Proof. Since M is holomorphic embedding into a unit ball B m , and by [18] the chart of the asymptotic boundary around p is not only homeomorphism with but also CR diffeomorphism with a part of ∂B m which is strongly pseudoconvex. (This implies also the asymptotic boundary coincide with regular boundary of a domain.) Thus, p is a strongly pseudoconvex point. Then the corollary follows by the original Wong-Rosay theorem.
Remark 2. Alternatively, the last corollary can be proved by the following argument. Since M is taut by Theorem 0.1, we can see {f −1 j } is also a normal family. We define F to be the limit of f j and G the limit of f By an argument of [17] , the proof is complete.
Also the following corollary is immediately from Theorem 0.1.
Corollary 2.2. M is taut.
